The Opial property of Hilbert spaces and some other special Banach spaces is a powerful tool in establishing fixed point theorems for nonexpansive and, more generally, nonspreading mappings. Unfortunately, not every Banach space shares the Opial property. However, every Banach space has a similar Bregman-Opial property for Bregman distances. In this paper, using Bregman distances, we introduce the classes of Bregman nonspreading mappings and investigate the Mann and Ishikawa iterations for these mappings. We establish weak and strong convergence theorems for Bregman nonspreading mappings.
Introduction
Let be a (real) Banach space with norm ‖ ⋅ ‖ and dual space * . For any in , we denote the value of * in * at by ⟨ , * ⟩. When { } ∈N is a sequence in , we denote the strong convergence of { } ∈N to ∈ by → and the weak convergence by ⇀ . Let be a nonempty subset of . Let : → be a map. We denote by ( ) = { ∈ : = } the set of fixed points of . We call the map The nonexpansivity plays an important role in the study of the Ishikawa iteration, given by = + (1 − ) ,
where the sequences { } ∈N and { } ∈N satisfy some appropriate conditions. When all = 0, Ishikawa iteration (1) reduces to the classical Mann iteration. Construction of fixed points of nonexpansive mappings via Mann's and Ishikawa's algorithms [1] has been extensively investigated in the literature (see, e.g., [2] and the references therein).
A powerful tool in deriving weak or strong convergence of iterative sequences is due to Opial [3] . A Banach space is said to satisfy the Opial property [3] if for any weakly convergent sequence { } ∈N in with weak limit we have lim sup
for all in with ̸ = . It is well known that all Hilbert spaces, all finite dimensional Banach spaces, and the Banach spaces (1 ≤ < ∞) satisfy the Opial property. However, not every Banach space satisfies the Opial property; see, for example, [4, 5] .
Working with the Bregman distance , the following Bregman-Opial-like inequality holds for every Banach space :
Abstract and Applied Analysis point theorems and convergence results for the Ishikawa iterations for these mappings. We recall the definition of Bregman distances. Let : → R be a strictly convex and Gâteaux differentiable function on a Banach space . The Bregman distance [6] (see also [7, 8] ) corresponding to is the function : × → R defined by ( , ) = ( ) − ( ) − ⟨ − , ∇ ( )⟩ , ∀ , ∈ .
(4)
It follows from the strict convexity of that ( , ) ≥ 0 for all , in . However, might not be symmetric and might not satisfy the triangular inequality.
When is a smooth Banach space, setting ( ) = ‖ ‖ 2 for all in , we have that ∇ ( ) = 2 for all in . Here is the normalized duality mapping from into * . Hence, (⋅, ⋅) reduces to the usual map (⋅, ⋅) as 
If is a Hilbert space, then ( , ) = ‖ − ‖ 2 . Let : → R be strictly convex and Gâteaux differentiable, and let ⊆ be nonempty. A mapping :
→ is said to be 
(ii) Bregman quasi-nonexpansive if ( ) ̸ = 0 and ( , ) ≤ ( , ) , ∀ ∈ , ∀ ∈ ( ) ; (7) (iii) Bregman skew quasi-nonexpansive if ( ) ̸ = 0 and
It is obvious that every Bregman nonspreading map with ( ) ̸ = 0 is Bregman quasi-nonexpansive. Bregman nonspreading mappings include, in particular, the class of nonspreading functions studied by Takahashi and his coauthors (see, e.g., [9, 10] ), which is defined with the map in (5).
Let us give an example of a Bregman nonspreading mapping with nonempty fixed point set, which is not quasinonexpansive.
Example 1. Let : R → R be defined by ( ) = 4 . The associated Bregman distance is given by
We have ( ) = {0}. Plainly, is neither nonexpansive nor continuous. However, is Bregman nonspreading. To see this, we define :
Consider the following three possible cases. 
Case 3. If , ∈ [0, 2), then we have = = 0 and hence
Thus we have ( , ) ≤ 0 for all , in [0, 2] and hence is a Bregman nonspreading mapping.
In Section 2, we collect and study some basic ties of Bregman distances. In Section 3, utilizing the Bregman-Opial property, we present some fixed point theorems. In Sections 4 and 5, we investigate weak and strong convergence of the Ishikawa and Bregman-Ishikawa iterations for Bregman nonspreading mappings. Our results improve and generalize some known results in the current literature; see, for example, [11] .
Bregman Functions and Bregman Distances
Let be a (real) Banach space, and let : → R. For any in , the gradient ∇ ( ) is defined to be the linear functional in * such that
The function is said to be Gâteaux differentiable at if ∇ ( ) is well defined, and is Gâteaux differentiable if it is Gâteaux differentiable everywhere on . We call Fréchet differentiable at (see, e.g., [12, page 13] or [13, page 508] ) if, for all > 0, there exists > 0 such that
Abstract 
satisfies
For a locally uniformly convex map : → R, we have
for all , in and for all in (0, 1). Let be a Banach space and : → R a strictly convex and Gâteaux differentiable function. By (4), the Bregman distance satisfies that [6] ( , ) = ( , ) + ( , )
In particular,
Lemma 2 (see [15] 
The following Bregman-Opial-like inequality has been proved in [16] .
Lemma 3 (see [16] 
for all in the interior of dom with
We call a function : → (−∞, +∞] lower semicontinuous if { ∈ : ( ) ≤ } is closed for all in R. For a lower semicontinuous convex function :
→ R, the subdifferential of is defined by
for all in . It is well known that ⊂ × * is maximal monotone [17, 18] . For any lower semicontinuous convex function : → (−∞, +∞], the conjugate function * of is defined by * (
It is well known that
We also know that if : → (−∞, +∞] is a proper lower semicontinuous convex function, then * : * → (−∞, +∞] is a proper weak * lower semicontinuous convex function. Here, saying is proper we mean that dom := { ∈ : ( ) < +∞} ̸ = 0. The following definition is slightly different from that in Butnariu and Iusem [12] .
Definition 4 (see [13] ). Let be a Banach space. A function : → R is said to be a Bregman function if the following conditions are satisfied:
(1) is continuous, strictly convex, and Gâteaux differentiable;
(2) the set { ∈ : ( , ) ≤ } is bounded for all in and > 0.
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The following lemma follows from Butnariu and Iusem [12] and Zǎlinescu [14] . Lemma 8 (see [13, 19] 
The following assertions hold:
It also follows from the definition that is convex in the second variable * , and
Let be a Banach space and let be a nonempty convex subset of . Let : → R be a strictly convex and Gâteaux differentiable function. Then, we know from [20] that, for in and 0 in , we have
Further, if is a nonempty, closed, and convex subset of a reflexive Banach space and : → R is a strongly coercive Bregman function, then, for each in , there exists a unique 0 in such that
The Bregman projection proj from onto defined by proj ( ) = 0 has the following property:
See [12] for details. Let be a reflexive Banach space and let : → R be a lower semicontinuous, strictly convex, and Gâteaux differentiable function. Let be a nonempty, closed, and convex subset of and let { } ∈N be a bounded sequence in . For any in , we set
The Bregman asymptotic radius of { } ∈N relative to is defined by
The Bregman asymptotic center of { } ∈N relative to is the set Proof. In view of the definition of Bregman asymptotic radius, we may assume that { } ∈N converges weakly to in . By Lemma 3, we conclude that BA( , { } ∈N ) = { }.
Fixed Point Theorems
Lemma 10 (see [21] 
Proof. Let , ∈ . In view of (24), we have
This, together with (24) , implies that Proof. Since { } ∈N converges weakly to and lim → ∞ ‖ − ‖ = 0, both the sequences { } ∈N and { } ∈N are bounded. Since ∇ is uniformly norm-tonorm continuous on bounded subsets of (see, e.g., [14] ), we arrive at
In view of Lemma 2, we deduce that lim → ∞ ( , ) = 0. Set
By Lemma 11, for all in N,
This implies lim sup
From the Bregman-Opial-like property, we obtain = .
Let ℓ ∞ be the Banach lattice of bounded real sequences with the supremum norm. It is well known that there exists a bounded linear functional on ℓ ∞ such that the following three conditions hold:
(1) if { } ∈N ∈ ℓ ∞ and ≥ 0 for every in N, then ({ }) ≥ 0;
(2) if = 1 for every in N, then ({ }) = 1; [22] . To see some examples of those mappings satisfying all the stated hypotheses in the following result, we refer the reader to [23] .
Theorem 13 (see [23] 
This implies that
Thus we have
It follows from Theorem 13 that ( ) ̸ = 0.
Weak and Strong Convergence Theorems for Bregman Nonspreading Mappings
In this section, we prove weak and strong convergence theorems concerning Bregman nonspreading mappings in a reflexive Banach space. Proof. Let ∈ ( ). In view of (23), we have
Consequently,
This implies that { ( , )} ∈N is a bounded and nonincreasing sequence for all in ( ). Thus we have that lim → ∞ ( , ) exists for any in ( ). 
In view of Proposition 9, we conclude that BA( , { }) = { } for some in . Let
It follows from Lemma 11 that
From the Bregman-Opial-like property, we obtain = . Let ( ) ̸ = 0 and let ∈ ( ). It follows from Lemma 15 that lim → ∞ ‖ − ‖ exists and hence { } ∈N is bounded. This implies that the sequence { } ∈N is bounded too. Let
∈ N} < ∞. In view of (23), we obtain a continuous, strictly increasing, and convex function 
Consequently, we conclude that
It follows that lim inf
From the property of 
In the same manner, we also obtain that
Since ∇ is uniformly norm-to-norm continuous on bounded subsets of (see, e.g., [14] ), we arrive at
On the other hand, from (1) we get
Assuming first lim inf → ∞ (1 − ) > 0. By (60) we see that
Since is Bregman nonspreading, in view of (24), (25), and (62), we obtain 
When lim → ∞ = 1, we conclude that
In view of Lemma 2, we have that Proof. By Corollary 14, we see that the fixed point set ( ) of is nonempty. In view of Theorem 16, we obtain that { } ∈N is bounded and lim inf → ∞ ‖ − ‖ = 0. By the compactness of , there exists a subsequence { } ∈N of { } ∈N such that { } ∈N converges strongly to some in . In view of Lemma 2 we deduce that lim → ∞ ( , ) = 0. We can even assume that lim → ∞ ‖ − ‖ = 0, and in particular, { } ∈N is bounded. Since ∇ is uniformly norm-to-norm continuous on bounded subsets of (see, e.g., [14] 
Let 4 = sup{‖ ‖, ‖ ‖, ‖∇ ( )‖, ‖∇ ( )‖ : ∈ N} < +∞. In view of Lemma 11, we obtain ( , )
for all in N. It follows that lim → ∞ ‖ − ‖ = 0. Thus we have = . In view of Lemmas 15 and 2, we conclude that lim → ∞ ‖ − ‖ = 0. Therefore, is the strong limit of the sequence { } ∈N .
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Bregman-Ishikawa's Type Iteration for Bregman Nonspreading Mappings
We propose the following Bregman-Ishikawa's type iteration. Let be a reflexive Banach space and let : → R be a strictly convex and Gâteaux differentiable function. Let be a nonempty, closed, and convex subset of . Let : → be a Bregman nonspreading mapping such that the fixed point set ( ) is nonempty. Let { } ∈N and { } ∈N be two sequences defined by 
for all in ( ) and = 1, 2, . . .,
(2) lim → ∞ ( , ) exists for any in ( ).
Proof. Let ∈ ( ). In view of Lemma 8 and (71), we conclude that
Consequently, using (35) we have 
Let { } ∈N be a sequence generated by algorithm (71). Then the following are equivalent.
(1) There exists a bounded sequence { } ∈N ⊂ such that lim inf → ∞ ‖ − ‖ = 0. 
This, together with Definition 4 and the boundedness of { } ∈N , implies that { } ∈N is bounded. The function is bounded on bounded subsets of and therefore ∇ is also bounded on bounded subsets of * (see, e.g., [12, Proposition 1.1.11] for more details). This implies that the sequences {∇ ( )} ∈N , {∇ ( )} ∈N , {∇ ( )} ∈N , and {∇ ( )} ∈N are bounded in * . In view of Proposition 7, we have that dom * = * and * is strongly coercive and uniformly convex on bounded subsets of * . Let 2 = sup{‖∇ ( )‖, ‖∇ ( )‖ : ∈ N} < ∞ and let * 2 :
* → R be the gauge of uniform convexity of the conjugate function * .
Claim. For any in ( ) and in N,
Let ∈ ( ). For each in N, it follows from the definition of Bregman distance (4), Lemma 8, (23) , and (71) that
In view of Lemma 8 and (76), we obtain
Since { ( , )} ∈N converges, together with the control condition (74), we have lim inf
Therefore, from the property of * 2 we deduce that lim inf
Since ∇ * is uniformly norm-to-norm continuous on bounded subsets of * (see, e.g., [14] ), we arrive at lim inf (1 − ) = +∞. Let { } ∈N be a sequence generated by the algorithm (71). Then, there exists a subsequence { } ∈N of { } ∈N which converges weakly to a fixed point of as → ∞.
Proof. It follows from Theorem 20 that { } ∈N is bounded and lim inf → ∞ ‖ − ‖ = 0. Since is reflexive, then there exists a subsequence { } ∈N of { } ∈N such that ⇀ ∈ as → ∞. In view of Proposition 12, we conclude that ∈ ( ) and the desired conclusion follows.
The construction of fixed points of nonexpansive mappings via Halpern's algorithm [24] has been extensively investigated recently in the current literature (see, e.g., [2] and the references therein). Numerous results have been proved on Halpern's iterations for nonexpansive mappings in Hilbert and Banach spaces (see, e.g., [11, 25, 26] ).
Before dealing with the strong convergence of a Halperntype iterative algorithm, we need the following lemmas.
Lemma 22 (see [27] 
In fact, one can set = max{ ≤ : < +1 }.
Lemma 23 (see [28] ). Let { } ∈N be a sequence of nonnegative real numbers satisfying
where { } ∈N and { } ∈N satisfy the following conditions:
Then, lim → ∞ = 0. Proof. We divide the proof into several steps. In view of Lemma 10, we conclude that ( ) is closed and convex. Set = proj ( ) .
Step 1. We prove that { } ∈N and { } ∈N are bounded sequences in . We first show that { } ∈N is bounded. Let ∈ ( ) be fixed. In view of Lemma 8 and (85), we have 
≤ max { ( , ) , ( , )} .
By induction, we obtain ( , +1 ) ≤ max { ( , ) , ( , 1 )}
for all in N. It follows from (89) that the sequence { ( , )} ∈N is bounded and hence there exists 7 > 0 such that
In view of Definition 4, we deduce that the sequence { } ∈N is bounded. Since is a Bregman quasi-nonexpansive mapping from into itself, we conclude that
This, together with Definition 4 and the boundedness of { } ∈N , implies that { } ∈N is bounded. The function is bounded on bounded subsets of and therefore ∇ is also bounded on bounded subsets of * (see, e.g., [12, Proposition 1.1.11] for more details). This, together with Step 1, implies that the sequences {∇ ( )} ∈N , {∇ ( )} ∈N , and {∇ ( )} ∈N are bounded in * . In view of Proposition 7, we obtain that dom g * = * and * is strongly coercive and uniformly convex on bounded subsets of . Let 3 = sup{‖∇ ( )‖, ‖∇ ( )‖ : ∈ N} and let * 3 : * → R be the gauge of uniform convexity of the conjugate function * .
Step 2. We prove that 
